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Abstract

In this paper, variants of the classical Toeplitz operators on H? are
studied. A characterization is obtained for the bounded, harmonic
symbols giving rise to a bounded Toeplitz operator on a Dirichlet-
type space. The relationship between the characterizing condition
and multipliers of the holomorphic and harmonic Dirichlet spaces is

examined.
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1 Introduction

In this paper, we study operators of the type f +— P(¢f) on Dirichlet-type
spaces D(u) (see Definition 2), where ¢ is a function on I or 9D and P is
a projection. These operators are variants of the classical Toeplitz operators
on H?, and will be referred to as Toeplitz operators. The function ¢ is called
the symbol of the operator f — P(pf), which will be denoted T,.

In Section 2, two kinds of Dirichlet-type spaces are defined, and some
of their properties are given. In Section 3, one sort of Toeplitz operator is
examined. A characterization is obtained for the bounded, harmonic symbols
for which this operator is bounded on the Dirichlet space. The characterizing
condition is compared with D. Stegenga’s characterization of the multipliers
of the Dirichlet space. In Section 4, another sort of Toeplitz operator is
examined, and its boundedness on Dirichlet-type spaces is characterized.

Connections with multipliers of Dirichlet-type spaces are obtained.

2 Dirichlet-type Spaces

Definition 1. The Bergman space L? is the subspace of holomorphic func-

tions in L?(ID) (with respect to normalized Lebesgue measure). The Dirichlet
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space D consists of those holomorphic functions f on D having f’ € L?; the
norm is given by || fI5 = | FIa+11 2. The quantity |2, = f, | f/?dA =
S™n|f(n)|? is called the Dirichlet integral of f, denoted D(f). The formula
for the Dirichlet integral in terms of the power-series coefficients of f makes
it clear that D C H?. There is also a formula, due to J. Douglas [3], in terms

of integrals over JD:

firraa=, ],

The inner integral is the local Dirichlet integral of f at €, denoted Do (f),

f(e?) = f(e")

ei@ — et

" dt df

2w 21 (1)

and can be regarded as a function on 9D.

Definition 2. Let i be a finite, positive, Borel measure on 9. The Dirichlet-
type space D(u) is the set of holomorphic functions on D having a local
Dirichlet integral that is integrable with respect to u. Equation (1) says that
D = D(£). The norm is given by ||f||2 = ||fl|32 + [ Da(f)du(X). That

D(p) C H? is shown in [5] (also see Corollary 6).

The properties of a Toeplitz operator can depend both on its symbol and
on the projection P used in the definition of the operator. There are several

possible projections that can be used to define Toeplitz operators on D(u).
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Example 3. Let L? be the Bergman space, a subspace of L*(D). Let Py be
the orthogonal projection of L?*(ID) onto L2, known as the Bergman projec-
tion. It can be expressed as an integral operator, or in terms of reproducing

kernels:
(Pof)(e) = [ )= 4Aw) = ()00, )
where dA denotes normalized Lebesgue measure on D.

If ¢ is a function on D such that ¢ D(u) C L*(D), then a Toeplitz operator

T, can be defined on D(u) by T,.f = Pg(¢f).

Example 4. The Hardy space H? can be identified with a subspace of
L?*(0D), with radial limits transforming an H? function on D to its boundary
function, and the Poisson integral doing the reverse. The orthogonal pro-
jection of L*(OD) onto H*(D) is known as the Szegd projection, and will be
denoted Py. Like Pg, the Szego projection can be expressed as an integral

operator or in terms of reproducing kernels:

1—ze 0 21

(Puf)(z /f “) @ = (f. k) r2om).-

Since D(u) C H?, every element of D(u) has a boundary function defined
almost everywhere on dD. So if ¢ is a function on 9D such that ¢D(u) C

L*(9D), a Toeplitz operator T, can be defined on D(u) by T,,f = Pu(pf).
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Before proceeding with the next example, a harmonic analogue of D(u)
will be defined.
In the sequel, if v is a measure on 0D, then Pr denotes the Poisson

integral of v, the integral with respect to v of the Poisson kernel: (Pv)(z) =

J ﬁzili‘; dv(A). Note that the Poisson kernel itself is the Poisson integral of
the point mass 9. If g is a function on 9D, then Pg denotes the Poisson
integral of the measure g%.

If A € D and 6, denotes the point mass at A, then from Definition 2 it
follows that f € D(d,) iff f has a finite local Dirichlet integral at A\. The
following criterion of S. Richter and C. Sundberg [6] for D,(f) to be finite

will be useful:

Proposition 5. Let A € ID, f a function on D. Then f € D(5y) iff f =
a+ (z = N)fr for some constant o and function f € H?. If this is the case,

then a is the radial limit f(\) of f at X\, and Dy(f) = || /r]l3.

Remark. It is shown in [6] that in fact, if f € D(J,) then f(z) — f(\) as
z approaches A within any disc tangent to dD at A. Also, P. Chernoff [2]

showed that if Dy(f) < oo, then the Fourier series of f at A converges to
F).

Corollary 6. D(u) C H?.
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Proof. Let f € D(u). Since [ Dy(f)du()) is finite, there is at least one \
such that f € D(d,). For any such A, by the proposition there are o € C

and f\ € H? such that f = a+ (z — \) fy. Therefore f € H?. O

The following analogue of the Douglas formula (1) for the Dirichlet inte-

gral will be used, and is proved by Richter and Sundberg in [6].

Proposition 7. If f € H?, then

Da(f) dp(A) = /D FPPudA. 3)

oD
Like the Douglas formula, equation (3) can be extended to harmonic

functions.

Proposition 8. Let f be a harmonic function on D of the form f = f,+ f_,
where fi, f- € D(u) and f_(0) = 0. Then

of

[ o = [ (5] + |3

2
G| JPuaa= [Arp [F R Puda
z D

(4)

2
:

Proof. For A\ € 0D and functions g, h € D(d,), define

Da(g, h) = /BD g(A) — g(e") (h(/\) — h(eit)> dt

A —eit A — et 27

Then D,(+,-) is a sesquilinear form, and D,(g) = Dx(g,g). Hence

Da(f) = Da(f+ + f-, f+ + f-) = Da(fy) +2Re Da(f+, f-) + DA(f-). (5)
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Since Dy(f-) = Dx(f-), the proposition will follow by integrating (5) with
respect to u and applying Proposition 7, once it is shown that Dy(fy, f-) =0
for [u]-almost every A.

Since f, f— € D(p), both belong to D(8y) for [u]-almost every \; fix such
a A. By Proposition 5, choose gy, g_ € H? such that f, = f1(A)+ (2 —\)g4

and f_ = f_(\) 4+ (2 — A)g—. Then

- fr(A) = f+(6it) f-(\) — f-(e™)\ dt
DA(er?f*) - oD /\ . 6“ ( )\ o eit )%
L)~ @) TE) — Toe) A et

oD A — et A — et N — it 21
) . odt
— it B it -\ ity 7
| avtea-@nen g
= 0.
[

Definition 9. The harmonic Dirichlet-type space D () is the set of functions
f € L*(OD) such that Dy(f) is integrable with respect to p. For such an f,
the harmonic extension f(z) = (Pf)(z) to D satisfies (4); in the usual way,
elements of D(u) can be regarded as functions on 0D or as functions on D.

Define the norm by ||f]|* = [ DA(f) du(X) + Hf”%?(am))'

Proposition 10. D(u) is a reproducing-kernel Hilbert space containing D(u)

as a closed subspace.
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Proof. Suppose f € D(u); write f = f. + f_, with f,, f- € D(u) and

f-(0) = 0. If w € D, then by the existence of H? reproducing kernels,

[f(w)] = [ fr(w) + f-(w)] < | f(w)] + [ (w)|
<KL (1 fellzrz + 1= rr2) < CLFllz2omy

< Cllflow-

Thus, the functional of evaluation at w is bounded on D(u), as was to be
proved.

Similarly, for £ € N

FR) = 1F- (=) = [0 = [ O)/k < Oz < Ol llog-

Therefore if { f,, } is a sequence in D(u) converging in D(p) to f, then f(—k;) =

0 for all £ € N. Thus D(p) is closed in D(pu). O

Example 11. If ¢ is a function on 0D such that ¢D(u) C D(u), then a
Toeplitz operator T, can be defined on D(p) by T, f = P,(¢f), where P, is

the orthogonal projection of D(u) onto D(u).

There are advantages to using each of the projections in Examples 3, 4,
and 11. The Bergman projection can be used for the largest collection of

symbols, as the requirement that oD (u) C L*(D) is the weakest requirement
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among the three. Using the Szegd projection has the advantage of giving
rise to the best-understood sort of Toeplitz operator. The theory of Toeplitz
operators is most often studied in settings where the range of the projection
is the domain of the operator; such is the case if P = P,,.

See R. Rochberg and Z. Wu [7] for results concerning a type of Toeplitz

operator on D different from that defined in Section 1.

3 Bergman Toeplitz Operators on D

The problem to be studied in this section is to determine the symbols ¢ for
which the Toeplitz operator T,,f = Pg(pf) is bounded on D. It will be
assumed that ¢ is a bounded, harmonic function on D.

The Bergman projection is one of a family of projections of L?(D) onto

L?. For @ > —1, define the operator P, by:

(Pale) = (1) [ G ) daw),

Clearly Py = Pg. If 1 < p < o0 and p(a + 1) > 1, then P, is bounded
on LP(D) and fixes the holomorphic functions in LP(D), as shown in [10,
section 4.2].

The main result of this section hinges on the following lemma.
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Lemma 12. For f € D, (T,f)' = %2f + Pi(pf’).

Note that if g—ff € L*(D), then the right side of the equation is P, ( _(pf)).
Thus the lemma says that in a restricted sense, differentiation intertwines Pp

and Pl.

Proof. First, the lemma will be verified in the case of p(z) =Zz™ and f(z) =

A

(T,1)(2) = Pa(of)(z) = / (W“’” dA(w)

1 —zw)?
21 —imb P zn@
/ / (1= e} rd’r’d@
27 e(n m+2)0
= — pmtntl ——dfdr
7r/0 /0 (e — rz)?

1 1 n—m+1
= — [ g / L dcar
0 oD (

i ¢—rz)?

nml

A residue calculation shows that the contour integral f oD T2 d( is zero if

n—m+ 1 <0, and is otherwise 27wi(n —m + 1)(rz)" ™. Hence

n—m-+1

n—m 6
12 (6)

(T,f)(2) =2(n —m+ 1)z”m/7°2”+1 dr =

if n —m > 0 and zero otherwise.
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The derivative of T, f(2) is to be compared with:

Rz =2 [ f‘&nwmwn* 1A (w)

1 —zw)?

m Cnferl

i 0( ) on (¢ —72)?
n m+1

Since faD e 46 = mi(n —m+1)(n —m)(rz)" ™ 1if n—m > 1 and is

zero otherwise,

Pu(ef)(2) = 2n(n = m 4 D= m)zn [t =gt ar

_ (n—m+1)(n—m)
n+1

n—m—1

for n —m > 1 and is otherwise zero. Comparing this with the derivative of
the right side of (6), we see that the lemma holds in this case.

Now let ¢ be any bounded, harmonic function on D, and f any element
of D. Define ¢ by ¢ 4(2) => o~ @(n)z"; let p_ = ¢ — .. Both ¢y and
¢_ belong to L*(D), but they need not be bounded functions.

Since ¢ is bounded and f € D C L2, the sum ¢ 3 f(n)z" converges in

L? norm. Then since Pg is bounded on L?,

:Zf( )Pp(pz") Zf (p+2" + Pplp-z"))
o+ S F0) S Glom)Pa(E),

[y
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Since ¢ is harmonic, ¢/, = g—f; hence
’ 8()0 / — S - =m  n\/
Po(pf) = 5o ool +3_ fn) ) @=m)Ps(z"2"). (7)

n=0 m=1

Similarly,

=S i) + Y GEmPET) (g
n=1 m=1
= f ) f) ) pl=m)Pi(nz" )
n=1 m=1
Since Pp(z™2") = P;(nz™z""') for each m and n, the lemma follows by

comparing (8) with (7), and observing that the n = 0 term of the sum in (7)

is zero, since Pp(Z™) = 0 for all m > 1. O

Theorem 13. Let ¢ be a bounded, harmonic function on D. Then the

Toeplitz operator T, is bounded on D iff

/3_90
0z

for all f € D, for some constant C' not depending on f.

2

[fFdA < CIfII5 (9)

Proof. Suppose that (9) holds. Then since P; is bounded on L? and ¢ is a
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bounded function,

2

DTf) = [1T0Paa= [ 3254 nier| da

dp
< s
_2/‘82

< 2CHIPPlllZ D

2
|fI* dA+ 2Pyl ll 5 11122

Also,
(T £)(0)] = '/wfdA‘ < llelloll fllzz < llelloll flp-
Since
T Nz < [(To))O)* + DT, f),
it follows that T, is bounded on D.

Conversely, suppose that T, is bounded. Then by the lemma,

/‘9_90
0z

fI*dA < 2[(Tof)'ll5 + 201 P (e f ) I3

< 2T A1D + 2 AP el 13
< 2ATLIPIAD + 21 Pl lllZ N 11D
= C|IfIp-
O

The condition of Theorem 13 is equivalent to that of g—f being a multiplier

of D into L2; that is, 2D C L2. The condition also says that |g—‘§|2dA
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is a D-Carleson measure on . Compare with the following theorem of

D. Stegenga [9]:

Theorem 14. A function g is a multiplier of D (into itself) iff g € H*® and

|'|? dA is a D-Carleson measure.

Stegenga also gives a geometric characterization of D-Carleson measures
in [9].

Since %‘f = ¢, from Theorems 13 and 14 it follows that if T}, is bounded
on D and ¢, is a bounded function, then ¢ is a multiplier of D. However,

it is possible for T, to be bounded without ¢, being bounded:

n

Example 15. Define the function g on D by g(z) = > = Since

nlognloglogn’
> n|g(n)]? is finite, g € D. Since D C BMOA, the space of analytic func-
tions having bounded mean oscillation on 0D (see [8]), it follows from Fef-
ferman’s Theorem that we can choose a bounded, harmonic function ¢ such
that ¢ = Py = ¢,. Since ¢ is unbounded, ¢, is not a multiplier of D.

However, by a result of S. Axler and A. Shields [1], ¢’ is a multiplier of D

into L2. Therefore T}, is bounded on D.
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4 Hardy Toeplitz Operators on D(u)

Let i be a positive, finite Borel measure on dID. In this section, the symbols
¢ € L*(0D) for which the Toeplitz operator T,,f = Py (pf) is bounded on

D(p) will be determined.

Remark. Recall that || f]|Z = [|f[|5 + [ Dx(f) du(X). Since the projection Py

has norm one as an operator on L?(9D),

1o fllz = I1Pu(eDll2 < lleflla < ll@lle@m | Fll2 < llloollf 1l

Therefore T, is bounded on D(u) iff [ DA(T, f) du(X) < C| f||2 for f € D(u)

and some C' not depending on f.

Fix f € D(u). Then Dy(f) < oo for [u|-almost every A € dD. For each

such \ define fy € H? as in Proposition 5.
Lemma 16. [ Di\(T,((z — A)f2)) du(N) < [lelZ ) £113-

Proof. The result hinges on a commutation relation obtained by following

T,((z — A) fr) by T%, and using composition properties of H? Toeplitz oper-
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ators:

T?TL,D((Z - /\)f)\> = TETcpTz—)\fA
- TE(p(z—/\)f)\
= Tl—znpfr

= TE(Z — )\)Tcpf)\

Subtracting the end from the beginning, we see that if g = T,((z — X) fa) —

z — AT, fx, then Txg = 0. Since
©

zg_ ( ZGZg m9> (ign—i-l zn@) i n+1 m@ZO’

n=-—1

it follows that g(n + 1) = 0 for all n > 0. Thus g is constant, say with

constant value «. Hence
To((z = M fa) = a+ (2 = AT, fa
Then by Proposition 5, T,,((z — A) fa) € D(6), and

DA(Tp((2 = N f2) = ITefallz < el A2 = el Das)-

Therefore

/ DT (= = N ) du(A) < ol / Da(F) du(N) < lelZ NI 12
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Remark. For each A € 9D, D,(-)"/? is a seminorm on D(Jy), and hence

satisfies the triangle inequality. Thus it follows from the lemma and the
previous remark that T, is bounded on D(p) iff [ DA(T,(f(N)))du(\) <

CIfIl%, for some C' not depending on f.

Theorem 17. Let ¢ € L>*(0D). Then T, is bounded on D(pu) iff

I

for f € D(u) and some constant C' not depending on f.

P(|fFPp) dA < C||flf,

If ¢ satisfies the condition of the theorem, the measure ’%‘5‘2 dA will be

called a p-Carleson measure.

Proof. Following the previous remark, we fix A € 0D and calculate the local

Dirichlet integral at A of T,,(f(X)):

DATL(F(N) = / De(T,(F(N))) dx(C)
- / (Pa(of (V) P6y dA

2
21 PsydA,

where the last occurrence of ¢ denotes the harmonic extension of ¢ to .
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Integrating with respect to u gives

| D@ somaun) = [ 15002
=/\
S5

The theorem now follows from the previous remark. O

— 12

IZ — AP

/u )’ ﬂz H(N) dA(2)

dA(z) du(A)

P(|f*p)

In the case of the Dirichlet space D = D(g—) the theorem says that the

Hardy Toeplitz operator T, is bounded on D iff

1%

Compare this with Theorem 13, which says that the Bergman Toeplitz op-

P(f]?)dA < O fllp. (10)

erator T, is bounded on D iff
5]
0

117 = Pl < Cill a0 < Coll FIID,

dA < CIfI3, (11)

However,

the first inequality being due to A. Garsia (see [4, p. 221]), the second to
Stegenga [8]. Therefore the two conditions (10) and (11) are equivalent.
Stegenga’s Theorem 14 characterizing the multipliers of D can be gener-

alized to the harmonic Dirichlet-type space D(u):
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Theorem 18. A bounded function ¢ on 0D is a multiplier of D(u) iff

2 2
‘%f} dA and ‘%g‘ dA are p-Carleson measures.

Proof. Suppose that ¢ is a multiplier of D(u). Since || - [[z2m) < || - o)
norm convergence of a sequence in D(u) implies almost-everywhere pointwise
convergence on 0D of a subsequence. It then follows from the closed-graph
theorem that the operator M., of multiplication by ¢ is bounded on D(u).

Let f € D(u). Then

(M)A = e(e) f(e")

A\ — et

SO(/\) — Qo(eit) + gO(GZt)f(/\) B f(eit) ) (12>

A\ — et A —ett

= I

Hence

J1FOEDs@ dn) < 200l [ DA +2 [ Datis) au(n
< 2(l 2 + 1M1 1B

Since ¢ = ¢ - 1 € D(u), by Proposition 8

J1FOEDs an) = [ 170 |2/(

(1 |2

0z

8@ 2
0z

) (172) dA

2 2
Therefore ‘%i—" dA and ’%‘g‘ dA are p-Carleson measures.

) PéydA(z) du(N)

+

Conversely, suppose that | a“"{ dA and | ’ dA are pu-Carleson measures.

Since 6*0 = ¢/ and % = p_', applying the pu-Carleson condition with f =1
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gives that ¢, p- € D(u). Thus ¢ € D(p). Then by (12) and Proposition 8,

/ Dalf) dpu(N) < 2 / FOVPDAG) du(N) + 2l / Da(f) du()

2

dp|” |9e| ) ) /
= — —| |P dA+2 Dy(f) dp(A
S5+ |52] ) pusem aa 2ol [ oanauey
< Ol f -
Therefore ¢ is a multiplier of D(u). O

Corollary 19. A holomorphic function ¢ on D is a multiplier of D(u) iff ¢

is bounded and |¢'|? dA is a p-Carleson measure.

Proof. Suppose ¢ is a multiplier of D(u). That |¢/|*dA is a p-Carleson
measure follows as in the proof of the theorem, with D(u) replaced with
D(p), and noting that g—"; = 0. That ¢ is bounded follows from the existence

of reproducing kernels in D(u): as above, M., is bounded on D(y). Then

o(W)llkwl® = lp(w)kw(w)] = (o, k)| < [0kl [[Eull < 1M1kl

thus || is bounded by || M,|| on D.
If ¢ is bounded and |¢'|? dA is a u-Carleson measure, then since %29 =0

and ¢ = g—f, the theorem gives that ¢ is a multiplier of D(u). Since ¢ is

holomorphic, ¢ is a multiplier of D(u). ]
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The following connection between bounded Toeplitz operators and mul-

tipliers of D(p) is an immediate consequence of Theorems 17 and 18.

Corollary 20. A function ¢ € L*(0D) is a multiplier of D(pn) iff T, and

T are bounded on D(pu).
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